In [14] and [15] , Ravenel introduced sequences of Thom spectra X(n) and T (n) that played an important role in the proof of the nilpotence theorem of DevinatzHopkins-Smith [7] . Let X be any one of the Thom spectra X(n + 1) or T (n) where 0 ≤ n ≤ ∞. We apply the techniques of Lunøe-Nielsen-Rognes to show that the map from the C p k -fixed points of T HH(X) to the C p k -homotopy fixed points of T HH(X) is a p-adic equivalence for all k ≥ 1.
Introduction
Let S be the C p k -equivariant sphere spectrum. One formulation of the Segal conjecture for the cyclic group of order p k states that the map
is a p-adic equivalence. This can be rephrased by stating that the map
T HH(S) C p k −→ T HH(S)
hC p k is a p-adic equivalence since T HH(S) ≃ S and C p k -action coming from restriction of the S 1 -action on T HH(S) agrees with the C p k -action on S. For a more general spectrum X, one could ask whether the map (1) T HH(X)
−→ T HH(X)
hC p k is a p-adic equivalence. Usually this is not the case, but a weaker statement may hold; for example, the map may be an isomorphism in homotopy in sufficiently high degrees after p-completion. The goal of this note is to prove that for the Thom spectra T (n) and X(n), the map of Equation 1 is a p-adic equivalence. We will use the techniques of [12] , where it is proven that Equation 1 holds for the complex cobordism spectrum MU and the Brown-Peterson spectrum BP .
Our motivation is three-fold. Firstly, we wished to show that the techniques of [12] carry over to a large class of spectra. Secondly, our results are necessary for applying trace methods to compute algebraic K-theory K(X(n)) and K(T (n)). One can give successive approximations to K(S) using K(X(n)) or K(T (n)) by using descent are discussed in Section 4.5 of [8] . In particular, Dundas-Rognes consider a modified versionȲ
and prove that the natural map
is a weak equivalence for the functors F = K, F = T C and F = T HH. As a consequence there is an equivalence
which provides an iterative procedure for computing K(S) from K(X(n)). Finally, we hope to understand the difference between T HH(X(n)) C p k and T HH(X(n + 1)) C p k . Ideally this would provide a method for interpolating between T HH(S)
and T HH(MU) C p k , or possibly between T C(S) and T C(MU) or K(S) and K(MU).
1.1.
Outline. In Sections 2-4, we will compute the continuous homology of T HH(X) tCp for X = T (n) and X = X(n). In Section 5, we will relate H * (T HH(X) tCp ) to the homological Singer construction R + (H c * (T HH(X))) defined in [13] . This will allow us to show that the map
T HH(X)Γ −→ T HH(X)
tCp is a p-adic equivalence. The desired p-adic equivalence for C p then follows from considering the norm-restriction diagram. The C p k -case follows from [5] .
For the rest of this note, homology is always taken with coefficients in F p .
2. The spectra T (n) and X(n)
An integral part of the proofs due to Devinatz, Hopkins, and Smith [7] of Ravenel's conjectures [14] were the spectra T (n) and X(n). The Bousfield classes of these spectra interpolate between the Bousfield class of the sphere spectrum and the Bousfield classes of BP and MU, respectively. That is, there are filtrations of Bousfield classes
The spectrum X(n) is constructed as the Thom spectrum X(n) := T h(f ) of the 2-fold loop map f : ΩSU(n) −→ ΩSU ≃ BU. By work of Lewis, the Thom spectrum of an n-fold loop map is an E n -ring spectrum and hence X(n) is an E 2 -ring spectrum; see, for example, Chapter IX of [9] . Just as MU splits as a wedge of suspensions of BP , X(k) (p) splits as a wedge of suspensions of T (n) where n is chosen such that p n ≤ k < p n+1 .
In [3] , Blumberg, Cohen, and Schlichtkrull give a description of topological Hochschild homology of Thom spectra T (f ), which simplifies in the case where f : X → BU is a two-fold loop map. Beardsley [2] reduces this description further showing that in fact T HH(X(n)) ≃ X(n) ∧ SU(n) + .
The Blumberg, Cohen, and Schlichtkrull results do not describe the equivariant structure of topological Hochschild homology of Thom spectra and therefore they will not be used in our approach to T HH(X(n)) C p k and T HH(X(n)) hC p k . Based on personal communication with the first author of [3] , there is current work in progess of Blumberg and coauthors on an equivariant analogue of the theorems in [3] , so we plan to compare our results with theirs once that work is available.
We conclude this section by recalling the homological information we need about these spectra which can be found in [15] :
Lemma 2.1. The homology of BP is given by
where
Lemma 2.2. The homology of MU is given by
where |b i | = 2i. The homology of X(n) is the subalgebra of H * (MU) given by
Homology of the topological Hochschild homology of T (n) and X(n)
The first step will be to calculate H * (T HH(T (n))). For this we use the Bökstedt spectral sequence [4] . For a ring spectrum R, the Bökstedt spectral sequence has the form
where HH * (−) denotes Hochschild homology.
Proposition 3.1. The homology of T HH(T (n)) is given by
Proof. To compute the E 2 -term of the Bökstedt spectral sequence, we need to know the Hochschild homology HH * (H * (T (n))). In general,
which can be shown by direct computation using the Koszul resolution. Therefore,
Since there are no generators in filtration degree greater than one and the d r differentials shift filtration degree by r, there are no possible differentials.
The same proof yields the following result for X(n):
Homological Tate fixed points of T HH(T (n)) and T HH(X(n))
The next step is to compute the continuous homology of the Tate fixed points of T HH(T (n)) and T HH(X(n)). We begin with the T (n) case. The relevant homological Tate spectral sequence has the form
and computes the continuous homology of T HH(T (n)). For more details about this spectral sequence, see for example [6] or [10] . The C p -action on H * (T HH(T (n))) is the restiction of the trivial S 1 action, so the Tate cohomology splits as the tensor product
) with |h| = −1 and |t| = −2 if p > 2, we can identify the input of the spectral sequence asÊ
For p = 2, the degrees of the generators are |t| = (−1, 0), |ξ action. To see that there are no further differentials, note that the map T (n) → BP induces an injective map of the E 3 -page of this spectral sequence to the E 3 -page of the homotopy fixed point spectral sequence for BP . Since the BP spectral sequence collapses at the E 3 -page [12] , the T (n) spectral sequence must collapse as well.
The continuous homology follows from the above pattern of differentials combined with the Leibniz rule:
Corollary 4.2. The continuous homology of the Tate fixed points of T HH(T (n)) is given by
The analogous result for X(n) can be proven using the same spectral sequence. In that case, the nontrivial differentials are d 2 (b i ) = t 1+ǫ σb i for 1 ≤ i ≤ n, and the spectral sequence collapses at the E 3 -page by combining the map induced by X(n) → MU with the fact that the spectral sequence for MU collapses at the E 3 -page.
Corollary 4.3. The continuous homology of the Tate fixed points of T HH(X(n)) is given by
H c * (T HH(X(n)) tCp ) ∼ = P (t ±1 ) ⊗ P (b 2 1 , . . . , b 2 n ) ⊗ E(b 1 σb 1 , . . . , b n σb n ), p = 2, E(h) ⊗ P (t ±1 ) ⊗ P (b p 1 , . . . , b p n ) ⊗ E(b p−1 1 σb 1 , . . . , b p−1 n σb n ), p > 2.
Identification with the Singer construction

By the norm-restriction diagram, the map T HH(X)
Cp Γ
−→ T HH(X) hCp in Equation 1 is a p-adic equivalence if T HH(X)Γ −→ T HH(X)
tCp is a p-adic equivalence. We will show this by exhibiting an Ext-equivalence (definition recalled below)
where R + (−) is the homological Singer construction and H c * (−) is the continuous homology of the Tate tower as described in [12] . The p-adic equivalence then follows from comparing (inverse limit) Adams spectral sequences as in [11] [1] [12] . The map ǫ * is an Ext-equivalence by construction [13] , so we must show that Φ n is an Extequivalence.
We start by recalling a definition:
We begin with the case X = T (n) and p > 2. By Corollary 4.2 the continuous homology of the C p -Tate construction on T HH(T (n)) is given by
n σξ n ). On the other hand, one can consider the homological Tate spectral sequencê
where the isomorphism follows from the definition of the topological Singer construction R + (B) := (B ∧p ) tCp of [13] . In this case the homological Singer construction can be expressed as
where m = (p − 1)/2. The goal is to promote this filtration-shifting bijection to an isomorphism of complete A * -comodules. The (continuous) homology of T (n) is a (complete) A * -sub-comodule of the (continuous) homology of BP , and therefore the formulas and computations leading up to Propositions 7.2 and 7.3 of [12] still hold. In particular, we obtain maps
. There are filtrations of the above A * -comodules defined by
is the homology of the kth term in the Tate tower
Cp where (ẼT) (k−1) is the k − 1-skeleton of the Greenlees filtration ofẼT = S ∞C [10] . The maps f and g induce maps between filtrations f k and g k which are A * -comodule homomorphisms for all n ∈ N since the A * -comodule structure on H * (T (n)) is the restriction of the A * -comodule structure on H * (BP ).
Proposition 5.2. The sets {f k } and {g k } are strict maps of inverse systems which assemble into pro-isomorphisms whose limitsf andĝ are isomorphisms of complete A * -comodules.
Proof. The proof is nearly identical to the proof of Proposition 7.2 in [12] . We will only sketch the proof for {f k } since the proof for {g k } is similar. In each total degree d, f k defines a map
We would like to define compatible maps
, is equal to the structural surjection
We can conclude that the collection {f k,d } k forms a pro-isomorphism with pro-inverse {φ k,d } k in each total degree d. These maps therefore assemble into a pro-isomorphism {f k } with pro-inverse {φ k }. The definition of φ k,d from [12] can be modified as follows for T (n). When The analogous pro-isomorphisms can be defined for T (n) when p = 2 and X(n) by essentially the same argument. Setting Φ X :=ĝ •f −1 for the correspondinĝ g = limg k andf = limf k yields the desired isomorphism. are complete A * -comodule isomorphisms.
Therefore the composition (3) is an Ext-equivalence for X = T (n) and X = X(n). Therefore T HH(X)Γ −→ T HH(X) tCp is a p-adic equivalence, and by the norm-restriction diagram, we conclude: 
−→ T HH(X)
hCp is a p-adic equivalence for X = T (n) and X = X(n).
By [5] , we conclude that the same statement holds for C p k -fixed points. 
hC p k is a p-adic equivalence for X = T (n) and X = X(n).
